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Structure vector of real hypersurfaces

o Let X?"~! be a real hypersurface in a Kahler manifold
M™.
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Structure vector of real hypersurfaces

o Let X?"~! be a real hypersurface in a Kahler manifold
M™.

@ For a locally defined unit normal vector field N of 3 in
M1
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Structure vector of real hypersurfaces

o Let X?"~! be a real hypersurface in a Kahler manifold

M™.

@ For a locally defined unit normal vector field N of 3 in
M1

@ the structure vector of X is defined by £ = —J NN,
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Structure vector of real hypersurfaces

o Let X?"~! be a real hypersurface in a Kahler manifold
M™.

@ For a locally defined unit normal vector field N of 3 in
M,

@ the structure vector of X is defined by £ = —J NN,

@ where J is the complex structure of M.

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Hopf hypersurfaces in complex space forms

@ A real hypersurface M in a complex space form ﬁ(c) is
called Hopf if
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Hopf hypersurfaces in complex space forms

@ A real hypersurface M in a complex space form ﬁ(c) is
called Hopf if

@ the structure vector £ = —J N is an eigenvector of the
shape operator A of M, i.e., A = pé&.
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Hopf hypersurfaces in complex space forms

@ A real hypersurface M in a complex space form ﬁ(c) is
called Hopf if

@ the structure vector £ = —JN is an eigenvector of the
shape operator A of M, i.e., A = pé&.

@ It is known that when ¢ # 0, the principal curvature p
(Hopf curvature) of & on Hopf hypersurface M in M (c)
is constant (Y.Maeda, Ki-Suh).
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Structure of Hopf hypersurfaces in CP"(4)

@ Cecil-Ryan (1982, Trans. AMS) proved that Hopf
hypersurface M with Hopf curvature = 2 cot 2r

(0 < r < m/2) in complex projective space CP™(4)
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Structure of Hopf hypersurfaces in CP"(4)

@ Cecil-Ryan (1982, Trans. AMS) proved that Hopf
hypersurface M with Hopf curvature = 2 cot 2r

(0 < r < m/2) in complex projective space CP™(4)

@ lies on a tube of radius r over a complex submanifold in
CPp™,
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Structure of Hopf hypersurfaces in CP"(4)

@ Cecil-Ryan (1982, Trans. AMS) proved that Hopf
hypersurface M with Hopf curvature = 2 cot 2r
(0 < r < m/2) in complex projective space CP™(4)

@ lies on a tube of radius r over a complex submanifold in
CP™,

@ provided that the focal map ¢, : M — CP",
¢r(z) = exp,(rN,) (x € M, N, € T;-M,
| N:| = 1) has constant rank on M.
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Hopf hypersurfaces in CH" with |p| > 2

e Montiel (1995, J. Math. Soc. Japan) proved that Hopf
hypersurface M with Hopf curvature p with || > 2 in
complex hyperbolic space CH"(—4)
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Hopf hypersurfaces in CH" with |p| > 2

e Montiel (1995, J. Math. Soc. Japan) proved that Hopf
hypersurface M with Hopf curvature p with || > 2 in
complex hyperbolic space CH"(—4)

@ lies on a tube of radius r over a complex submanifold in
CH",
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Hopf hypersurfaces in CH" with |p| > 2

e Montiel (1995, J. Math. Soc. Japan) proved that Hopf
hypersurface M with Hopf curvature p with || > 2 in
complex hyperbolic space CH"(—4)

@ lies on a tube of radius r over a complex submanifold in
CH",

@ provided that the rank of the focal map is constant as
Cecil-Ryan’s Theorem.
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Hopf hypersurfaces in CH" with |u| < 2

@ On the other hand, Ivey (2011, Res. Math) (and
Ivey-Ryan (2009, Geom. Dedicata)) proved that

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Hopf hypersurfaces in CH" with |u| < 2

@ On the other hand, Ivey (2011, Res. Math) (and
Ivey-Ryan (2009, Geom. Dedicata)) proved that

@ a Hopf hypersurface with || < 2 in CH™ may be
constructed from
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Hopf hypersurfaces in CH" with |u| < 2

@ On the other hand, Ivey (2011, Res. Math) (and
Ivey-Ryan (2009, Geom. Dedicata)) proved that

@ a Hopf hypersurface with || < 2 in CH™ may be
constructed from
@ an arbitrary pair of Legendrian submanifolds in §27—1,
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Hopf hypersurfaces in non-flat complex space form

@ In this talk, | would like to clarify the structure of Hopf
hypersurfaces M in CP™ and CH",
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Hopf hypersurfaces in non-flat complex space form

@ In this talk, | would like to clarify the structure of Hopf
hypersurfaces M in CP™ and CH",

@ in terms of Gauss maps from M to some Grassmannians:
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Hopf hypersurfaces in non-flat complex space form

@ In this talk, | would like to clarify the structure of Hopf
hypersurfaces M in CP™ and CH",

@ in terms of Gauss maps from M to some Grassmannians:
@ M2 1 sy CP" e X272 <y Go(C™1HY),
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Hopf hypersurfaces in non-flat complex space form

@ In this talk, | would like to clarify the structure of Hopf
hypersurfaces M in CP™ and CH",

@ in terms of Gauss maps from M to some Grassmannians:
@ M2 1 sy CP" e X272 <y Go(C™1HY),
o M1 s CH® «w X272y Gy, (CTH).
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Gauss map of real hypersurface in CP"

o Let ® : M?*~1 — CP"™ be an immersion and let N, be
a unit normal vector of M at p € M.
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Gauss map of real hypersurface in CP"

o Let ® : M?*~1 — CP"™ be an immersion and let N, be
a unit normal vector of M at p € M.

e For each p € M?"™~1 we put G(p) = ®(p) ® CN,,.
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Gauss map of real hypersurface in CP"

o Let ® : M?*~1 — CP"™ be an immersion and let N, be
a unit normal vector of M at p € M.

e For each p € M?"™~1 we put G(p) = ®(p) ® CN,,.

@ Then we have a Gauss map G : M?"~1 — G,(C™*1)
of real hypersurface M in CP™.
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Quaternionic Kahler manifolds

o Let (M*™,§, Q) be a quaternionic Kihler manifold with
the quaternionic Kahler structure (g, Q),
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Quaternionic Kahler manifolds

o Let (M*™,§, Q) be a quaternionic Kihler manifold with
the quaternionic Kahler structure (g, Q),

@ that is, g is the Riemannian metric on M and Qisa
rank 3 subbundle of EndT' M which satisfies the following

conditions:
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Quaternionic Kahler manifolds

o Let (M*™,§, Q) be a quaternionic Kihler manifold with
the quaternionic Kahler structure (g, Q),

@ that is, g is the Riemannian metric on M and Qisa
rank 3 subbundle of EndT' M which satisfies the following
conditions:

@ For each p € M , there is a neighborhood U of p over
which there exists a local frame field {I;, Is, I3} of Q
satisfying

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Quaternionic Kahler manifolds

(*]
flz = j22 = j32 = —1, j1j2 = —jzfl - j3,

Lis = -, =1, IiI,=-I15=1I.
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Quaternionic Kahler manifolds

P=I=I1=-1, LI,=-LI,=1I,
oAy = —L,=1, II,=-LI=1.
@ For any element L € Q,, gp is invariant by L, i.e.,

G,(LX,Y) + §,(X,LY) =0 for X,Y € T, M,
pE M.
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Quaternionic Kahler manifolds

@ For any element L € Q,, gp is invariant by L, i.e.,
G,(LX,Y) + §,(X,LY) =0 for X,Y € T, M,
pE M.

@ The vector bundle @ is parallel in End TM with respect
to the Riemannian connection V associated with g.
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Quaternionic Kahler manifolds

@ For any element L € Q,, gp is invariant by L, i.e.,
go,(LX,Y) 4+ g,(X,LY) =0 for X,Y € T,M,
pE M.

@ The vector bundle @ is parallel in End TM with respect
to the Riemannian connection V associated with g.

e Complex 2-plane Grassmannian G5(C™™') is an example
of quaternionic Kahler manifold.
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Almost Hermitian submanifolds in Q-K manifolds

o Let M be a quaternionic Kahler manifold.
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Almost Hermitian submanifolds in Q-K manifolds

o Let M be a quaternionic Kahler manifold.

e A submanifold M?™ of Z\A/_f is said to be almost Hermitian
if there exists a section I of the bundle Q|as such that

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Almost Hermitian submanifolds in Q-K manifolds

o Let M be a quaternionic Kahler manifold.

e A submanifold M?™ of Z\A/_f is said to be almost Hermitian
if there exists a section I of the bundle Q|as such that

o (1) I? =—1,(2) ITM = TM (cf.
Alekseevsky-Marchiafava, 2001, Osaka J. Math.).
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Almost Hermitian submanifolds in Q-K manifolds

o Let M be a quaternionic Kahler manifold.

@ A submanifold M?2™ of ﬁ is said to be almost Hermitian
if there exists a section I of the bundle Q|as such that

o (1) I? =—1,(2) ITM = TM (cf.
Alekseevsky-Marchiafava, 2001, Osaka J. Math.).

@ We denote by I the almost complex structure on M
induced from I.
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Totally complex submanifolds in Q-K manifolds

e Evidently (M, I') with the induced metric g is an almost
Hermitian manifold.
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Totally complex submanifolds in Q-K manifolds

e Evidently (M, I') with the induced metric g is an almost
Hermitian manifold.

o If (M,g,I) is Kahler, we call it a Kahler submanifold of
M.
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Totally complex submanifolds in Q-K manifolds

e Evidently (M, I') with the induced metric g is an almost
Hermitian manifold.

o If (M,g,I) is Kahler, we call it a Kahler submanifold of
M.

@ An almost Hermitian submanifold M together with a
section I of Q|as is said to be totally complex if at each
point p € M, we have LT,M | T,M, for each

L € Q, with (L, I,) = 0.
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Totally complex submanifolds in Q-K manifolds

e Evidently (M, I') with the induced metric g is an almost
Hermitian manifold.

o If (M,g,I) is Kahler, we call it a Kahler submanifold of
M.

@ An almost Hermitian submanifold M together with a

section I of Q| is said to be totally complex if at each
point p € M, we have LT,M | T,M, for each
L € Q, with (L, I,) = 0.

o It is known that a 2m (m > 2)-dimensional almost
Hermitian submanifold M?™ is Kahler if and only if it is
totally complex.
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e Let M?™~1 be a real hypersurface in CP™ and
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e Let M?™~1 be a real hypersurface in CP™ and
o let G : M — G5(C™*?') be the Gauss map.
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e Let M?™~1 be a real hypersurface in CP™ and
o let G : M — G5(C™*?') be the Gauss map.
@ Suppose M is a Hopf hypersurface.
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e Let M?™~1 be a real hypersurface in CP™ and
o let G : M — G5(C™*?') be the Gauss map.
@ Suppose M is a Hopf hypersurface.

@ Then the image G(M) is a real (2n — 2)-dimensional
totally complex submanifold of G (C™*1).
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CP!-bundle over G5(C"t1)

o Let £ = {(81, £2)| Kl,e2 € (C]P)n’ El 4 £2}.
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CP!-bundle over G5(C"t1)

o Let F = {(81, £2)| Kl,eg € (C]P)n’ El 1 £2}.
@ Then E=U(n+1)/U(1) xU(1) X U(n —1).
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CP!-bundle over G5(C"t1)

o Let E = {(£1,£2)| £1, €5 € CP™, 6, L £,}.

@ Then E=U(n+1)/U(1) xU(1) X U(n —1).

e E is a total space of CP*-bundle over G5 (C™*1), with
the projection E — Go(C™T1), (£1,£2) — £, D £5.
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CP!-bundle over G5(C"t1)

o Let E = {(£1,£5)| £, €5 € CP™, £, L £,}.

@ Then E=U(n+1)/U(1) xU(1) X U(n —1).

e E is a total space of CP*-bundle over G5 (C™*1), with
the projection E — Go(C™T1), (£1,£2) — £, D £5.

e Each fiber of E — G2(C™*1) is identified with the base
point of Go(C™+1) = {CP' C CP"}.
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CP!-bundle over G5(C"t1)

Let E = {(£1,£5)] €1, 05 € CP™, £, L £5}.

Then E=U(n+1)/U(1) xU(1) x U(n — 1).

E is a total space of CP'-bundle over G2 (C™*1), with
the projection E — Go(C™T1), (£1,£2) — £, D £5.

e Each fiber of E — G2(C™*1) is identified with the base
point of G5 (C+1) = {CP' C CP"}.

We have another projection pr, : E — CP",
pry(£1,£2) = £;.
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riented geodesic in CP!

@ We have a one-to-one correspondence between:
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Oriented geodesic in CP!

@ We have a one-to-one correspondence between:
@ An oriented geodesic v in CP*(C CP™), and
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Oriented geodesic in CP!

@ We have a one-to-one correspondence between:
@ An oriented geodesic v in CP*(C CP™), and

@ An almost complex structure Iin Qp, where
p € Go(C**1) = {CP* C CP"}.
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Circle bundle over totally complex submanifold

o Let ¢ : X1 — G2(C™"1) be a totally complex
immersion, where X is a Kahler manifold, and
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Circle bundle over totally complex submanifold

o Let ¢ : X1 — G2(C™"1) be a totally complex
immersion, where X is a Kahler manifold, and

e let ¢*E — X be the pullback bundle of CP!-bundle
E — Gg(cn+1).
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Circle bundle over totally complex submanifold

o Let ¢ : X1 — G2(C™"1) be a totally complex
immersion, where X is a Kahler manifold, and

e let ¢*E — X be the pullback bundle of CP!-bundle
E — Go(C™t1).

@ We denote M,. (0 < r < 7 /4) as a circle bundle over
3} such that each fiber of M, — X is the equi-distance
curve (circle) from the geodesic in CP! & (p) (p € X)
corresponding to Ie Qu(p)-
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Circle bundle over totally complex submanifold

@ We have the following diagram:
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Circle bundle over totally complex submanifold

@ We have the following diagram:

o
M, — ¢o*E —— E — CP™
n pry
| | ’
Zn—l 3 Gz(cn+1)
%)

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Circle bundle over totally complex submanifold

@ We have the following diagram:

o
M, — ¢o*E —— E — CP™
n pry
| | ’
Zn—l 3 Gz(cn+1)
%)

@ where 1) denotes the bundle map.
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Circle bundle over totally complex submanifold

@ We have the following diagram:

o
M, — ¢o*E —— E — CP™
n pry
| | ’
Zn—l 3 Gz(cn+1)
%)

@ where n denotes the bundle map.
e Hence ®,. := pr, on : M, — CP™ gives a real
hypersurface provided that ®,. is an immersion.
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Frame field of totally complex submanifold

@ For a totally complex immersion
@ X"t — G5(C™1), we have a (local) frame field

g: X —->U(Mn+1),
g(p) = (u1(p), u2(P), -+ , Un41(P)) such that
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Frame field of totally complex submanifold

@ For a totally complex immersion
@ X"t — G5(C™1), we have a (local) frame field

g: X —->U(Mn+1),
g(p) = (u1(p), u2(P), -+ , Un41(P)) such that
° ¢(p) = Cui(p) ® Cuz(p) and
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Frame field of totally complex submanifold

@ For a totally complex immersion
@ X"t — G5(C™1), we have a (local) frame field
g: X —->U(Mn+1),
g(p) = (u1(p),u2(p),- -+, Unt1(p)) such that

° ¢(p) = Cui(p) ® Cuz(p) and

o the oriented geodesic in ¢(p) = CP! corresponding to

I € Qu(p) is written as 7(cos tuq(p) + sintuz(p)),
where 7 : §2"*+1 — CP™ is the Hopf fibration.
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Frame field of totally complex submanifold

@ For a totally complex immersion
@ X"t — G5(C™1), we have a (local) frame field
g: X —->U(Mn+1),
9(p) = (ur(p), u2(p), -+ s Unt1(pP)) such that

° ¢(p) = Cui(p) ® Cuz(p) and

e the oriented geodesic in ¢(p) = CP! corresponding to
I € Qyp) is written as m(cos tuy (p) + sin tus(p)),
where 7 : §2"*+1 — CP™ is the Hopf fibration.

e We denote w;; (1 < 4,5 < n+ 1) as components of the
pull-back of Maurer-Cartan form g='dg on U(n + 1).
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o Let ¢ : "1 — G2(C™*1) be a totally complex
immersion, where X is a Kahler manifold, and
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o Let ¢ : "1 — G2(C™*1) be a totally complex
immersion, where X is a Kahler manifold, and

@ suppose the map ®,. : M, — CP™ is an immersion,
where M, — X is a circle bundle as above.

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



o Let ¢ : "1 — G2(C™*1) be a totally complex
immersion, where X is a Kahler manifold, and

@ suppose the map ®,. : M, — CP™ is an immersion,
where M, — X is a circle bundle as above.

@ Then ®,.(M,) is a Hopf hypersurface in CP™ provided
that Im wy; = Im wsy5 and Im w;2 = 0 hold.
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@ A homogeneous real hypersurface in CP™:
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@ A homogeneous real hypersurface in CP™:
o (8%t x §n—2k-1y cCP" (0<k<n-—1),
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@ A homogeneous real hypersurface in CP™:
o (8%t x §n—2k-1y cCP" (0<k<n-—1),

@ the corresponding totally complex submanifold in
G2 (Cn—l—l):
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@ A homogeneous real hypersurface in CP™:
o (8%t x §n—2k-1y cCP" (0<k<n-—1),

@ the corresponding totally complex submanifold in
Gz(C"‘H):
o CPk x CP"—k=1 C G,(C"tY).
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Complex hyperbolic space CH"

@ An indefinite metric (, ) of index 2 on C}" is given by
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Complex hyperbolic space CH"

@ An indefinite metric (, ) of index 2 on C}" is given by

(z,w) = Re | —zoW0 + Y _ 2k | ,

k=1

2= (Z0y+++s2n), w = (wo,...,w,) € CP.
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Complex hyperbolic space CH"

@ An indefinite metric (, ) of index 2 on C}" is given by

(z,w) = Re <—Z0U_70 +> Zk'u_fk> 3

k=1
2= (Z0y+++s2n), w = (wo,...,w,) € CP.

@ The anti de Sitter space is defined by

H> = {z € C?Y (2,2) = —1}.
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Complex hyperbolic space CH"

@ An indefinite metric (, ) of index 2 on C}" is given by

(z,w) = Re (—zowo + Z zku_Jk> ,

k=1
— _ n+1
z="(20y:++y2n), W= (Wo,...,wyp) € CY".
@ The anti de Sitter space is defined by
H" = {z € CT™| (2,2) = —1}.

° Hf”"'l is the principal fiber bundle over CH™ with the
structure group S and the fibration
w: H" ™" — CH™.
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Gauss map of real hypersurface in CH"”

o Let ® : M?*~1 — CH"™ be an immersion and let IN,, be
a unit normal vector of M at p € M.
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Gauss map of real hypersurface in CH"”

o Let ® : M?*~1 — CH"™ be an immersion and let IN,, be
a unit normal vector of M at p € M.

@ For each p € M2~ 1 we put
G(p) = Cr'(B(p) & CN,,
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Gauss map of real hypersurface in CH"”

o Let ® : M?*~1 — CH"™ be an immersion and let IN,, be
a unit normal vector of M at p € M.

@ For each p € M2~ 1 we put
G(p) = Cr~'(2(p)) ® CN,.

@ Then we have a Gauss map G : M1 — G1,(C7th)
of real hypersurface M in CH".
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Real Clifford algebras

o Let (V =R(p,q),(, )) be a real symmetric inner
product space of signature p, q.
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Real Clifford algebras

o Let (V =R(p,q),(, )) be a real symmetric inner
product space of signature p, q.

e The Clifford algebra C(p, q) is the quotient QV/I(V),
where I(V') is the two-sided ideal in @ V' generated by
all elements:
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Real Clifford algebras

o Let (V =R(p,q),(, )) be a real symmetric inner
product space of signature p, q.

e The Clifford algebra C(p, q) is the quotient QV/I(V),
where I(V') is the two-sided ideal in @ V' generated by
all elements:

r®x+ (x,x) withx € V.
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Real Clifford algebras

o Let (V =R(p,q),(, )) be a real symmetric inner
product space of signature p, q.

e The Clifford algebra C(p, q) is the quotient QV/I(V),
where I(V') is the two-sided ideal in @ V' generated by
all elements:

r®x+ (x,x) withx € V.
e Clifford algebras C'(p, q) with small p, q are:
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Complex and Para-complex numbers

e C=C(0,1), Complex numbers: z = x + 1y,
12 = —1, |z|* = x® + y2, no zero divisors, ~
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Complex and Para-complex numbers

e C=C(0,1), Complex numbers: z = x + 1y,
.2

12 =

—1, |z|?> = ® + y2, no zero divisors, ~
o J,

J? = —1 gives structures: almost complex, complex,
Hermitian, Kahler.
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Complex and Para-complex numbers

o C= C(O 1), Complex numbers z = x + 1y,
12 = —1, |z|* = x® + y2, no zero divisors, ~

e J, J? = —1 gives structures: almost complex, complex,
Hermitian, Kahler.

e C = C(1,0), Split-complex numbers (or hyperbolic
number, Lorentz number, para-complex number):
z=x+jy, 32 =1, |2|> = * — y?, 3 zero divisors,
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Complex and Para-complex numbers

o C= C(O 1), Complex numbers z = x + 1y,

12 = —1, |z|* = x® + y2, no zero divisors, ~

e J, J? = —1 gives structures: almost complex, complex,
Hermitian, Kahler.

e C = C(1,0), Split-complex numbers (or hyperbolic
number, Lorentz number, para-complex number):
z=x+jy, 32 =1, |2|> = * — y?, 3 zero divisors,

@ http:
//en.wikipedia.org/wiki/Split-complex_number

~>
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Complex and Para-complex numbers

o C= C(O 1), Complex numbers z = x + 1y,

12 = —1, |z|* = x® + y2, no zero divisors, ~

e J, J? = —1 gives structures: almost complex, complex,
Hermitian, Kahler.

e C = C(1,0), Split-complex numbers (or hyperbolic
number, Lorentz number, para-complex number):
z=x+jy, 32 =1, |2|> = * — y?, 3 zero divisors,

@ http:
//en.wikipedia.org/wiki/Split-complex_number

~>

e J, J? = 1 gives structures: almost product,
para-complex, para-Hermitian, para-Kahler.

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms


http://en.wikipedia.org/wiki/Split-complex_number
http://en.wikipedia.org/wiki/Split-complex_number

Quaternions and quaternionic structure

e H = C(0,2), Quaternions: ¢ = qo + iq1 + jq2 + kqs,
2 = % = k? = ijk = —1,
la|* = q@ = q2 + ¢? + q2 + q2, no zero divisors, ~~
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Quaternions and quaternionic structure

e H = C(0,2), Quaternions: ¢ = qo + iq1 + jq2 + kqs,
2= 2 = k? = ijk = —1,
la|* = q@ = q2 + ¢? + q2 + q2, no zero divisors, ~~

(] {Il, I2,I3}, 112 = 122 = I32 = I1I2I3 = -1 gives
quaternionic structure,
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Quaternions and quaternionic structure

e H = C(0,2), Quaternions: ¢ = qo + iq1 + jq2 + kqs,
2 = % = k? = ijk = —1,
la|* = q@ = q2 + ¢? + q2 + q2, no zero divisors, ~~

(] {Il, I2,I3}, 112 = 122 = I32 = I1I2I3 = -1 gives
quaternionic structure,

o V ={al, + bl, + cl3]| a,b,c € R} = su(2) = R3,
andQ ={IeV|I*?=-1}2 82
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Split-quaternions

o H=C(2,0) = C(1,1), Split-quaternions (or
coquaternions, para—quaternions):
q=qo+1iq +jgz + kgs, ©* = -1, j> = k? =1,
1) = —j3t = —k, gk = —-kj =1, ki = —tk = —3,
lq]*> = q2 + q7 — g3 — q2, 3 zero divisors,
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Split-quaternions

o H=C(2,0) = C(1,1), Split-quaternions (or
coquatenﬂons,para—quatenﬂons)
q=qo+1iq +jgz + kgs, ©* = -1, j> = k? =1,
ij = —ji = —k, jk = —kj =i, ki = —ik = —j,
lq]*> = q2 + q7 — g3 — q2, 3 zero divisors,

@ http://en.wikipedia.org/wiki/Split-quaternion
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Split-quaternions

o H= C(2,0) = C(1,1), Split-quaternions (or
coquaternions, para—quaternions):
q=qo+iqi +3jgz + kgs, i* = -1, j> = k* =1,
1] = —jit = —k, jk = —kj =1, kit = —tk = —7j,
lq]*> = q2 + q7 — g3 — q2, 3 zero divisors,

@ http://en.wikipedia.org/wiki/Split-quaternion

@ Introduced by James Cockle in 1849.
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Para-quaternionic structure

(] {I]_, I2, _[3}, If = —]_, I22 = _[32 =1,
LI, = —1I, = —1I3, IIs = —I31, = I,
I31, = —I,1I3 = —1I, gives para-quaternionic structure,
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Para-quaternionic structure

(] {I]_, I2, _[3}, If = —1, I22 = _[32 =1,
LI, = -, = —1I3, InIs = —I31, = I,

I;I, = —I,I; = —1I, gives para-quaternionic structure,
o V = {al+bl,+cls|a,b,c € R} X su(1,1) ¥ RS,
and
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Para-quaternionic structure

® {I17I29 I3}, I12 = —1, 122 = Ig =1,
LI, = —1I, = —1I3, IIs = —I31, = I,

I;I, = —I,I; = —1I, gives para-quaternionic structure,
o V = {al+bl,+cls|a,b,c € R} X su(1,1) ¥ RS,
and

0 Q. ={I € V| I* = 1} = §2: de-Sitter space,
Q- ={I € V| I? = —1} = H?: hyperbolic space,
Qo = {I € V| I? = 0} = lightcone.
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Para-quaternionic Kahler manifolds

o Let (K/i‘*m,g, Q) be a para-quaternionic Kahler manifold
with the quaternionic Kahler structure (g, Q),
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Para-quaternionic Kahler manifolds

o Let (K/i‘*m,g, Q) be a para-quaternionic Kahler manifold
with the quaternionic Kahler structure (g, Q),

e that is, g is the pseudo-Riemannian metric on M and Q
is a rank 3 subbundle of EndT'M which satisfies the

following conditions:
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Para-quaternionic Kahler manifolds

o Let (K/I‘*m,g, Q) be a para-quaternionic Kahler manifold
with the quaternionic Kahler structure (g, Q),

e that is, g is the pseudo-Riemannian metric on M and Q
is a rank 3 subbundle of EndT'M which satisfies the
following conditions:

@ For each p € M , there is a neighborhood U of p over
which there exists a local frame field {I;, Is, I3} of Q
satisfying
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Para-quaternionic Kahler manifolds

I = —1, I~22 = I~§ =1, I~1I~2 = —I~21~1 = _j3’

1
I~2I~3 == —fsfz = I~1, I~3I~1 == _flj?, = —I~2-
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Para-quaternionic Kahler manifolds

j2 = —]_, IM22 = f32 = ]_, jljg — —f2f1 - —j3,

1
I~2I~3 == —fsfz = I~1, I~3I~1 == _flj?, = —I~2-

@ For any element L € Qp, gp is invariant by L, i.e.,

Gp(LX,Y) + §,(X,LY) = 0 for X,Y € T,M,
p E M.
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Para-quaternionic Kahler manifolds

jlz = —]_, I~-22 - f32 - 1, jljg - —f2f1 — —I~3,

I2I3 == _f3i2 - fl, f3f1 = —flig = —jz.

@ For any element L € Qp, gp is invariant by L, i.e.,
Gp(LX,Y) + §,(X,LY) = 0 for X,Y € T,M,
pE M.

@ The vector bundle Q is parallel in EndNTM with respect
to the pseudo-Riemannian connection V associated with

g.
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Para-quaternionic Kahler manifolds

jlz = —]_, I~-22 - f32 - 1, jljg - —f2f1 — —I~3,

I2I3 == _f3i2 - fl, f3f1 = —flig = —jz.

@ For any element L € Qp, gp is invariant by L, i.e.,
Gp(LX,Y) + §,(X,LY) = 0 for X,Y € T,M,
pE M.

@ The vector bundle Q is parallel in EndNTM with respect
to the pseudo-Riemannian connection V associated with

g.
o Complex (1,1)-plane Grassmannian G4 1 (C}) is an
example of para-quaternionic Kahler manifold.
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Almost Hermitian submanifolds in para-Q-K

manifolds

o Let M be a para-quaternionic Kahler manifold.
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Almost Hermitian submanifolds in para-Q-K

manifolds

o Let M be a para-quaternionic Kahler manifold.

o A submanifold M2™ of M is said to be almost
Hermitian (resp. almost para-Hermitian) if there exists a

section I of the bundle Q|M such that

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Almost Hermitian submanifolds in para-Q-K

manifolds

o Let M be a para-quaternionic Kahler manifold.

o A submanifold M2™ of M is said to be almost
Hermitian (resp. almost para-Hermitian) if there exists a
section I of the bundle Q|M such that
o (1) I? = —1 (resp. I?2 =1), (2) ITM = TM.
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Almost Hermitian submanifolds in para-Q-K

manifolds

o Let M be a para-quaternionic Kahler manifold.

o A submanifold M2™ of M is said to be almost
Hermitian (resp. almost para-Hermitian) if there exists a
section I of the bundle Q|M such that

e (1) ?=-1 (resp. I? = ), (2) ITM = TM.
e We denote by I the almost (para-)complex structure on
M induced from I.
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Totally (para-)complex submanifolds in para-Q-K

manifolds

e (M, I) with the induced metric g is an almost
(para-)Hermitian manifold.
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Totally (para-)complex submanifolds in para-Q-K

manifolds

e (M, I) with the induced metric g is an almost

(para-)Hermitian manifold.
o If (M,g,I) is (para-)Kahler, we call it a (para-)Kahler

submanifold of M.
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Totally (para-)complex submanifolds in para-Q-K

manifolds

e (M, I) with the induced metric g is an almost
(para-)Hermitian manifold.

o If (M,g,I) is (para-)Kahler, we call it a (para-)Kahler

submanifold of M.

@ An almost (para-)Hermitian submanifold M together
with a section I of Q| is said to be totally
(para-)complex if at each point p € M, we have
LT,M L T,M, for each L € Q, with G(L, I,,) = 0.
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o Let M?™~! be a real hypersurface in CH™ and
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o Let M?™~! be a real hypersurface in CH™ and
o let G: M — G11(C}H) be the Gauss map.
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o Let M?™~! be a real hypersurface in CH™ and
o let G: M — G11(C}H) be the Gauss map.
@ Suppose M is a Hopf hypersurface with AE = pé.
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o Let M?™~! be a real hypersurface in CH™ and
o let G: M — G11(C}H) be the Gauss map.
@ Suppose M is a Hopf hypersurface with AE = pé.

@ Then the image G(M) is a real (2n — 2)-dimensional
submanifold of G4 1 (C}*") such that,
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Let M?2"~! be a real hypersurface in CH" and
let G : M — G11(C}H) be the Gauss map.
Suppose M is a Hopf hypersurface with A& = pé&.

Then the image G(M) is a real (2n — 2)-dimensional
submanifold of G4 1 (C}*") such that,

G (M) is totally complex provided || > 2,
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Let M?2"~! be a real hypersurface in CH" and
let G : M — G11(C}H) be the Gauss map.
Suppose M is a Hopf hypersurface with A& = pé&.

Then the image G(M) is a real (2n — 2)-dimensional
submanifold of G4 1 (C}*") such that,

G (M) is totally complex provided || > 2,
G (M) is totally para-complex provided || < 2,
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Let M?2"~! be a real hypersurface in CH™ and
let G : M — G11(C}H) be the Gauss map.
Suppose M is a Hopf hypersurface with A& = pé&.

Then the image G(M) is a real (2n — 2)-dimensional
submanifold of G4 1 (C}*") such that,

G (M) is totally complex provided || > 2,
G (M) is totally para-complex provided || < 2,

There exists a section I of the bundle Q| satisfying
I? = 0 and ITG(M) = TG(M) provided || = 2.

Makoto Kimura(lbaraki University) Hopf hypersurfaces in non-flat complex space forms



Integral curves of £ of Hopf hypersurfaces in CH"

@ Relationship between the value of u: Hopf curvature of
Hopf hypersurface in CH™ and behavior of each integral
curve «y of & is:
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Integral curves of £ of Hopf hypersurfaces in CH"

@ Relationship between the value of u: Hopf curvature of
Hopf hypersurface in CH™ and behavior of each integral
curve «y of & is:

@ i =0 & 7y is a geodesic in CH",
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Integral curves of £ of Hopf hypersurfaces in CH"

@ Relationship between the value of u: Hopf curvature of
Hopf hypersurface in CH™ and behavior of each integral
curve «y of & is:

@ i =0 & 7y is a geodesic in CH",

e 0 < |u| < 2 <« ~is an equidistance curve from a
geodesic in CH™,
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Integral curves of £ of Hopf hypersurfaces in CH"

@ Relationship between the value of u: Hopf curvature of
Hopf hypersurface in CH™ and behavior of each integral
curve «y of & is:

@ i =0 & 7y is a geodesic in CH",

e 0 < |u| < 2 <« ~is an equidistance curve from a
geodesic in CH™,

@ || =2 & ~is a horocycle in CH™,
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Integral curves of £ of Hopf hypersurfaces in CH"

Relationship between the value of p: Hopf curvature of
Hopf hypersurface in CH™ and behavior of each integral
curve «y of & is:

pu = 0 & ~ is a geodesic in CH",

0 < |p| < 2 & « is an equidistance curve from a
geodesic in CH™,

|p| = 2 <> ~ is a horocycle in CH™,

[pe| > 2 <> ~ is a geodesic circle in CH™.
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